The van Cittert-Zernike theorem in pulse echo measurements

Raoul Mallartand Mathias Fink
Laboratoire Ondes et Acoustique, Université Paris 7 / ESPCI, 10, Rue Vauguelin,
75231 Paris Cedex 05, France

(Received 3 August 1990; accepted for publication 25 July 1991)

A classical theorem of statistical optics, the van Cittert—-Zernike theorem, is generalized to
pulse echo ultrasound. This theorem fully describes the second-order statistics of the spatial
fluctuations (the spatial covariance) of the field produced by an incoherent source. As a
random scattering medium is insonified, it behaves as an incoherent source. The van Cittert—
Zernike theorem can thus predict the spatial covariance of the pressure field backscattered by a
random medium. It is shown that this spatial covariance and the incident energy diagram are
Fourier pairs. In the case of a focused illumination, the spatial covariance of the backscattered
pressure field is proportional to the autocorrelation of the transmitting aperture function. This
is independent of frequency and of F/ number. Experimental results obtained with a linear
array are in good agreement with theoretical expectations. The implications of this theorem in

speckle reduction and in focusing in nonhomogenous media are discussed.

PACS numbers: 43.20.Fn, 43.20.Px, 43.35.Yb

INTRODUCTION

In recent papers, > we presented the random phase
screen approach to speckle reduction. In order to predict the
signal-to-noise ratio improvement, we introduced the infor-
mation grain theory. In this paper, we show the link between
the concept of information grain and a classical theorem of
statistical optics namely, the van Cittert—-Zernike theorem.
This theorem fully describes how the spatial covariance of a
field produced by an incoherent source propagates.® In oth-
er words, it can predict the autocorrelation function of the
wave field emanating from a scattering medium illuminated
by any acoustic (or optical) source. This autocorrelation
function depends only on the incident beam, the wavelength
and the distance from the scattering medium.

_ In this paper, we present a set of experimental and theo-

retical results that show how this classical theorem of statis-
tical optics can be generalized to pulsed ultrasound and how
the coherence of the field backscattered by a random medi-
um can be predicted. We discuss the underlying physical
principles, as well as the implications of this theorem in
pulse-echo imaging. This theorem sets the limit to the signal-
to-noise ratio improvement in incoherent processing. The
experiments are performed with a linear array working at 3.5
MHz. The measured spatial covariances at different fre-
quencies and for different illumination beams are in good
agreement with theoretical predictions.

In addition, the usefulness of this theorem in the study
of correction of phase aberrations is shown. The experimen-
tal backscattered pressure field spatial covariance, measured
with and without phase aberrations, will be presented. These
results explain many results observed and not totally under-
stood in phase aberration correction and in speckle reduc-
tion.

1,2

I. THEORETICAL BACKGROUND
In this section, we first present the classical theorem of
statistical optics in intuitive terms and explain its physical
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significance. We then present the hypothesis that lead to its
extension to the acoustics field and more precisely to pulsed
ultrasound. We emphasize the differences between the two
fields. We show that the result is more general in acoustics,
mainly because it does not require the continuous-wave as-
sumption.

A. The van Cittert-Zernike theorem

The van Cittert-Zernike theorem is one of the most im-
portant theorems of modern optics. It describes the propaga-
tion of the spatial covariance of a wave field produced by an
incoherent source such as a thermal source of light. A very
complete discussion of this theorem can be found, for exam-
ple, in Ref. 3. The concept of spatial covariance of a field can
be explained in its relation to the well-known Young’s slit
experiment. This experiment is fully described in Ref. 3. In a
word, it consists of an incoherent light source radiating to-
ward an observation screen. An opaque screen with two tiny
holes in it is placed between the source and the screen. Since
the source is incoherent, the field is spatially homogenous in
the opaque screen plane. Now, although the source is inco-
herent, interference fringes can be observed on the observa-
tion screen. As the holes are moved apart or as the source is
brought nearer to the opaque screen, the visibility of the
fringes decreases. The ability of producing interference
fringes in Young’s experiment is described by the spatial co-
variance of the wave field. When the holes are close, the
interference fringes are quite visible. This means that the
wave field at the two holes is correlated, or has spatial covari-
ance. As the distance between the holes increases, the spatial
covariance decreases. It is thus possible to define the spatial
covariance as a function of the distance between the holes, or
more generally, considering two points X, and X, on the
plane of the holes, as a function of (X, — X, ). The notable
physical phenomenon is that the spatial covariance of the
field is infinitely narrow at the incoherent source and be-
comes wider and wider as the wave field propagates. This
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phenomenon is described by the van Cittert—Zernike
theorem: the spatial covariance of the field at points X; and
X, of an observation plane is equal to the Fourier transform
of the source aperture function taken at spatial frequency
(X, — X, )/Az, where A is the wavelength and z the distance
between the source and the observation plane. It can be veri-
fied easily that the larger z, the wider the spatial covariance
and that the wider the source, the narrower the spatial co-
variance.

B. Spatial covariance in pulsed ultrasound

As we have seen, the van Cittert—Zernike theorem de-
scribes the propagation of an incoherent field. Pulsed ultra-
sound is generally associated with coherence and it may
seem irrelevant to consider the field produced by an incoher-
ent source. In this section, we first explain the transition
from coherence to incoherence in pulsed ultrasound, we
then present precisely the framework in which we then de-
rive the generalization of the van Cittert—Zernike theorem to
acoustics.

Let us consider a transducer placed in front of a totally
incoherent scattering medium such as biological tissue, com-
posite material or grain steel. As the transducer illuminates
the scattering medium, a pressure field is scattered back to-
ward the transducer. At any given time, the scattered field
sensed by the transducer originates from a limited region of
the scattering medium, namely, the isochronous volume.*
Note, however, that the isochronous volume depends on the
considered time instant. At any given time, the scattered
pressure field can be considered to be produced by a volumic
source occupying the entire isochronous volume. The aper-
ture function of this equivalent source is thus related to the
transmitted energy diagram. The statistical properties of the
equivalent source depend on those of the scattering medium.
If the scatterers are randomly distributed in the medium and
the isochronous volume contains a great number of them,
the equivalent source will be incoherent. If the distribution
of scatterers is not isotropic, as for example in some compos-
ite materials, the coherence of the source will be anisotropic.
With this point of view, one can generalize some interesting
results from optics. However, one has to be aware of the
differences. Because of the correspondence between time
and depth in pulsed ultrasound, the time dependence does
not play the same role in the two domains. The temporal
incoherence of the source results from this correspondence
between time and depth and from the incoherence of the
scattering medium. Moreover, because of time varying (i.e.,
depth dependent) diffraction effects, the statistical proper-
ties of the source vary in time. As a consequence, the signals
are not stationary and, hence, cannot be considered as ergo-
dic. This means that, in general, temporal averages, ensem-
ble averages, and spatial averages are not equivalent as it is
some times the case in optics.

C. Backscattered pressure field

Before studying the spatial covariance of the pressure
field produced by the equivalent source, we derive an analyt-
ic expression of this field in an impulsional formalism. Let us
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consider a transducer working in piston mode embeddedina
rigid baffle. We call O(X), X = (x,»,0), its aperture func-
tion. Its diffraction impulse response at a point X, is given by
Stepanishen’s formalism as*

h(X,0) =” ox) BU=r1 g% %, —X|.
o r

(n

This impulse response is described in the frequency domain
by its Fourier transform:

H(X,, f) —ff oxX)

This frequency response represents the incident pressure
field at point X, and at frequency f.

Now suppose that the transducer illuminates an uni-
form scattering medium with scattering function y (X, /).
Additionally, assume that the scattering medium is incoher-
ent, that is, that the medium microstructure is random and
finer than the smallest wavelength we use. This implies that
the medium details cannot be seen (or resolved) at our
working frequencies. At those frequencies where the medi-
um is unresolved, the autocorrelation of the scattering func-
tion is a separable function of frequency and space:
(X(Xl IIn(Xs, ) =xe (S)6(X, —X;). At every such
frequency, the autocorrelation of the scattering function is
proportional to a Dirac function.

The pressure field scattered by an individual scatterer
located at point X, is a spherical wave. At a point X,,, this
pressure field is given by

e[2 fr/. c

(2)

d]nﬂrm/c)
P(Xorxnf) =X(X11f)H(x19f) ——

Yor
ro = [Xo — X, | 3
The pressure field backscattered from the whole medium in

response to a Dirac pulse and sensed at a point X, is obtained
by integrating over the whole space the above equation:

wf{rg/c)
LA X, .

4)

P(X,,/) —” j VX NHX,, ) S

ro;

D. Spatial covariance of the scattered pressure field

The spatial covariance of the pressure field at two points
X, and X, is defined as the correlation between the field
sensed at the two points. This defimition is a consequence of
the statistical nature of the medium. Hence, the statistics
implied by this definition are ensemble statistics over an en-
semble of scattering media. The spatial covariance is a func-
tion of X, X,, frequency and, as we will see later, of time
(i.e,, depth). We call R, (X,,X,, f) the spatial covariance
function at points X, and X, and at frequency f. We have

R, (X, Xy, ) =(P(X,, /),P*(X;, 1)), (5)
where the brackets represent an average over an ensemble of

scattering media and the * represents the complex conjugate.
From the expression of the pressure field, we have
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P(X,, f)P*(X;, /)

~[[[ ]| xxirmrexen

é21rf[(r[ — ri)/c]

XH(X{, /YH*(X5, 1) d’X{ d’X;,

nr;
ri =X, - X{|. (6)
Now, since the only random variable is the scattering

function and since the scattering medium is incoherent, the
spatial covariance of the pressure fluctuations is

R, (X, Xy, /) =xo<f>j”V|H(x,f>|2

emrf[(r, —n)/c]
P —
nr

ri= X, — X|. (7)

d’X,

Note that this formula is valid in a very general case and that
it is based on a impulsional formalism.

In order to probe further, we introduce the Fresnel ap-
proximation. With this approximation, we restrict the do-
main of validity of the formula, specifically, the following
will not be valid in the theoretical case where the transducer
transmits a Dirac pressure pulse. However, we stress the fact
that the Fresnel approximation is widely valid in pulsed ul-
trasound because the ultrasound beam is collimated around
the transducer axis and because the spectra of ultrasound
signals are limited by the acoustoelectric response of the
transducer. Therefore, if the Fresnel approximation is veri-
fied for the smallest wavelength, it is also verified for the
complete spectrum.

Under the Fresnel (or paraxial) approximation, it is
assumed that the depth is large compared to the transverse
distances. In that condition, the distance r between two
points X, = (x,,0) and X, =(x,,z)- (= [X; —X,]|
= [Z + (x; — X;)*(%; — x;)]"*)is approximated by the
first two terms of its series expansion:

r=z[1+ (172z2) (x; — x,)(x, —x)]. (8)
This approximation only requires that z be about ten times
larger than |x, — x, |. In the Fresnel approximation, when-
ever r appears in a phase term, it is replaced according to the
above equation, and whenever it appears in an amplitude

term, it is replaced by z.
Under this approximation, Eq. (7) becomes

RP(X13X29f) =Rp(x1’x2’f)

=10 (f) ffJ; |H(X,Z7;,f)|2

Xexp(ﬁvfi [(X— %) (x—x,)
2zc
—(x—xz)-(x-—xz)])dzxdz 9)
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R, (x, X2y f)

—xo0) [ [ [ HE2OE

[x1%; — %%, — 2x+(X, —xz)])

zc

X CXP(ffrf
xXd*x dz

-t [ [ [ st

><exp(j1rf—(x1 i ))
zc
[xe(x; —x,)]

2c

X exp( — 2af )d x dz. (10)

This last equation is the mathematical formulation of the
van Cittert-Zernike theorem in pulse echo measurements.

One very useful property of pulsed ultrasound is the
shortness of the pulse duration and the subsequent corre-
spondence between time and depth. With the use of a narrow
time window, it is possible to isolate the pressure field ema-
nating from scatterers located at a particular depth z. It is
thus possible to define the spatial covariance of that pressure
field. This function will also be a function of depth z or of
time ¢(¢ = 2z/c). It can be obtained by imposing z to be a
constant in Eq. (10) and by dropping the corresponding
integration:

R,(X,X,,2,f) = exp{/mf [ (XX, — x,°X,)/z¢c]}

xff |H(x,z2, f)|?
S

><exp< —1'27Tf_[x.(xl %)) ) dx.
y4{s
(11)

Yo(S)
7

where S is the integration surface defined as the plane or-
thogonal to the transducer axis, placed at distance z.

This approximation is indeed a strong one. A more cor-
rect approach would be to integrate over the isochronous
volume of interest, rather than on a surface. However, one
could instead introduce another approximation that is de-
scribed in Ref. 5. This approximation is somewhat complex
and for that reason it will not be used here. However, it
would give similar results to the very simple one we use here.
In a few words, this approximation consists in integrating
over the isochronous volume. In the Fresnel approximation,
the scatterers contributing to the backscattered pressure
field are concentrated around the transducer axis. Since the
isochronous volume is not very thick around the axis, we can
assume that the transducer impulse response does not vary
too much along a radius. Hence, this volume integral can be
replaced by a surface integral. The integration domain has to
be a surface that is included in the isochronous volume. A
sphere centered on the transducer center is one such surface.
The difference between the two approximations is the sur-
face over which we integrate. In our simpler approximation,
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we integrate over a plane surface rather than over a spherical
one.

In a first approach, we will consider that the two points
are symmetrical with respect to the center of the transducer

(X, = — x, ). The phase term outside the integral drops and
R, (x,,x,,2, f) is simply the two-dimensional Fourier trans-
form of |H(xzf)|* taken at spatial frequency

(x, —x,)f/z¢c = (x, — X, )/Az. We thus find here the clas-
sical theorem of statistical optics. In order to probe further,
we now consider the incident pressure field, i.e., H(x,z, f).
Let us apply the Fresnel approximation to Eq. (2). We have

H(x,,2,f) =JJ- O(x) exp[ﬂﬂfE (1 + 1
o c 2

X(x——xl)zfx—x,))] ()~ dx

= L e1'21rﬂz/c)e(f1’f/”)"1'x1 J.J. O(x)
o

V4

X gt /zwxg T /2% gy (12)

R, (x),x,2,f)

This formula can be interpreted as follows: The first phase
term corresponds to a propagation delay from the trans-
ducer to the surface S at depth z(+ = z/c). The second phase
term is due to the fact that the surface ' is plane rather than
spherical. However, since in the estimation of the spatial
covariance we use its squared modulus, this phase term can
be ignored. The integral is a two-dimensional Fourier trans-
form of O(x)e'/™/*)** at spatial frequency x, /Az. For an
aperture focusing at depth z, the aperture function O(x) is
not simply a circle or rectangle function. It contains a phase
term e¢ —/™/%)x* Therefore, O(x)e!/™/*** is real. In the
following, we will note it O(x) = O(x)e'/™/%** We thus
have

IMWJW=%ffff&mﬁwg)
[2] (2]

Xexp(j21rfx.(x'z—c_x2)) d?x; d ;.
(13)

We now combine this last equation with Eq. (11) to
obtain

B[ [ [ [ o0x0wexs) exp( —sanr XE 50 exgf iy X4 ZX00) e g g
z* sJ JoJ Jo zc zc

=l’0(f)ffff b(x;)a*(xé)ffe)(p<—j217'fx.(XI - X, — Xg +Xz))d2xd2x; dzx;
2.4 0 o 5 zC

=X0(4f) J-J- f,[ O(x})0*(x3)8(x, — X, — x| +x;)d *x; d*x;
oJ Jo

Z

F4

The spatial covariance is thus a separable function of
X; — X, and of frequency. Its spatial dependance is propor-
tional to the autocorrelation of the transmitter aperture
function. For example, in the case where the transmitter is a
1-D aperture such as a linear array, its aperture function is a
rectangle function. Its autocorrelation is thus a triangle
function whose base is twice as wide as the rectangle. The
van Cittert—Zernike theorem in pulse echo measurements is
summarized in Fig. 1.

Note that the above derivation is valid for any frequency
and, as a consequence, the spatial dependence of the spatial
covariance function is independent of frequency. This is an
interesting property because it allows a simple definition of
the normalized spatial covariance function in which the fre-
quency dependence is omitted. This new spatial covariance
function will then be the same for continuous wave as well as
for pulsed ultrasound. Moreover, the (normalized) spatial
covariance function of the field only depends on the trans-
mitter aperture function. It is independent of focal depth or
F/ number.
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YolS) ffo?)(x;)é*[x, — (x{ =x3)]d%] = [0 (f)/2*] R (x, — x,).

(14)

The above results are valid when the phase term in Eq.
(10) drops. We have seen that this is true when the two
points are symmetrical with respect to the transducer center.
More generally, it is also true when the backscattered pres-
sure field is sensed on a focusing surface that exactly com-
pensates the phase term. Note that the focal plane of such a
surface is at depth z.

{l. CONSEQUENCES IN ULTRASONIC IMAGING
A. Speckle reduction

Speckie noise is one serious limitation of ultrasonic
imaging and tissue characterization. It reduces the contrast
resolution and thus the detectability of small targets. More-
over, it introduces random errors in estimates of qualitative
parameters.

This speckle noise is linked to the spatial coherence of
ultrasound beams as well as to the stochastic nature of the
explored media. It is the consequence of random interfer-
ences, at the receiver, between echoes produced by randomly
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FIG. 1. The van Cittert-Zernike theorem in pulse echo measurements. A
focused aperture illuminates a scattering medium (top). The illuminated
medium behaves as an incoherent source that radiates a backscattered field
(bottom). The spatial covariance of the scattered field is the Fourier trans-
form of the incident energy diagram. For a 1-D illumination, it is a triangle
function whose base is twice as wide as the transmitter.

located reflectors within a resolution cell.
The problem of speckle reduction has been approached
by the use of incoherent processing techniques.

1. Principle of incoherent processing

One form of incoherent processing consists in breaking
the coherence of the ultrasonic beam by the use of phase
insensitive transducers. Such transducers exist, as was
shown by Heyman® with CdS acoustoelectric transducers,
or as we have shown in Refs. 1 and 2 with the random phase
transducer. A similar approach was proposed by Smith et
al.” with the Maltese Cross processor. They used a circular
transducer divided into a number of sectors. The signal
sensed by the sensors were combined after envelope detec-
tion, hence, providing a phase insensitive processing of the
backscattered ultrasound. More generally, Johnston et al.®
have proposed incoherent processing schemes where the
backscattered pressure field is sampled by small coherent
subapertures and where the individual signals are combined
in a phase insensitive way (after envelope detection). In all
these studies, rather low signal-to-noise ratio (SNR) im-
provements were obtained, except when dramatic losses of
resolution were allowed.

2722 J. Acoust. Soc. Am., Vol. 90, No. 5, November 1991

2. SNR improvement in incoherent processing

One success of the van Cittert—Zernike theorem is the
interpretation of these results. We already presented in Refs.
1 and 2 the SNR improvement that can be achieved with
such techniques. That presentation was not backed by the
complete van Cittert—Zernike formalism, however, the basic
concepts are stated there. Therefore, we will omit the
lengthy derivation here.

The idea is to consider the phase insensitive transducer
as a collection of pointlike sensors that sense the intensity of
the pressure field. The incoherent processing is then viewed
as an averaging of the data sensed by all these sensors. Now,
with the averaging point of view in mind, it is easy to realize
that the more correlated the data, the lower the SNR im-
provement. In other words, the wider the spatial covariance
of the backscattered pressure field, the lower the SNR im-
provement. Following this reasoning, we show in Ref. 1 that
the SNR improvement is given by

172
SNR =ARAT/U [R,,(x)]ZROR(x)dx) . (19)

where A, is the area of the receiver, 4, is the area of the
transmitter, and R,_ is the receiver autocorrelation func-
tion. This formula depends only on the receiving aperture
function and the spatial covariance of the backscattered
pressure field. The SNR improvement is low when the de-
nominator is large. That is, when the spatial covariance of
the backscattered pressure field is wide. This means that in
order toincrease the SNR, we have to receive a large number
uncorrelated data (or information grains). For this, we can
either make the spatial covariance narrower or use a wider
receiver.

3. Influence of transmitting aperture size on SNR
improvement

The above equation shows the relationship between
SNR improvement and spatial covariance of the pressure
field. The van Cittert—Zernike theorem shows that the latter
is a function of the transmitting aperture as long as it is fo-
cused. The SNR improvement is thus a function of the trans-
mitting and of the receiving aperture functions. As a rule of
thumb, it is given by the relative size of the information grain
(or coherence area of the scattered field) and of the receiving
aperture. In Ref. 1, we compute the numerical value of the
SNR improvements that can be expected with such tech-
niques for several transmitter sizes. For example, with 1-D
apertures, if the transmitter and the receiver have the same
size, the SNR improvement is limited to 2'/2

lll. EXPERIMENTS

We now investigate the experimental aspect of the van
Cittert—-Zernike theorem. The goal is to define a measure-
ment procedure and then to validate the previous theoretical
analysis.

In these experiments, we are interested in the spatial
statistics of the backscattered pressure field. We want to
measure the scattered pressure field rather than a pulse echo
signal. We therefore need a spatial and temporal sampling of
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the pressure field in the plane of the transmitter. For this, we
have to place tiny pressure sensors wherever we want to sam-
ple the pressure field. This could be done, for example, with a
very small receiver, such as a hydrophone, that scans the
transmitter plane on a sufficiently fine grid. However, such
an approach is delicate because the presence of the hydro-
phone in the beam of the transmitting transducer alters the
incident field in an unpredictable way and because the hy-
drophone cannot be placed in the plane of the transmitter.
For these reasons, it is more suitable to use a linear array that
serves both as the transmitter and as the receiver. The linear
array will properly sample the field provided that its pitch is
finer than the field fluctuations and that it does not perturb
the field. These two conditions are met in practice because
the field fluctuations are wide (the spatial covariance is ex-
pected to be as wide as the transmitter) and because the
acoustic impedance of the array is matched to that of the
propagation medium (the PZT transducer array utilizes a
A /4 adapting layer). The signal received on each array ele-
ment is a true electric transcription (except for a temporal
convolution with the acoustoelectric response of the trans-
ducers) of the pressure at the corresponding point.

A programmable multichannel transceiver was de-
signed for these experiments. It allows the flexible program-
mation of any 0-200V binary signal independently on any
transmitter channel with a time resolution of 20 ns. In a
preferred working mode, it is programmed to transmit a fo-
cused pulse. Each transmitter is associated with a receiver
preamplifier. The received signals are multiplexed and fed to
a LeCroy 8 bits, 32-MHz digitizer. Processing is performed
on the AT 386 computer that also drives the transceiver. The
array is a 128 elements PZT linear array working at 3.5
MHz, with a 0.75-mm pitch from Philips Ultrasound Inc.
Particular care was taken to minimize any cross talk between
the array elements. This setup is shown in Fig. 2. Typical
transmitted pulses are displayed in Fig. 3.

A. Estimation of the spatial covariance

We have seen that the spatial covariance of the field is
the correlation of the fluctuations of the pressure field as a

IEEE 488

AT-388 — ‘
=y .

8 bita | ! T
ADC | |

FIG. 2. Schema of the experimental setup used in the experiments. The
transducer array is excited by an AT-386 controlled programmable trans-
mitter. On receive, the signals are multiplexed, amplified, and digitized.
Processing is performed on the AT-386 personal computer.
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FIG. 3. Typical pulses transmitted by the array. Wide- and narrow-band
pulses are used in the following.

function of distance. In our experiments, we end up with a
two-dimensional signal that is a function of time and of
space. The time dependence is obvious, the spatial depend-
ence comes from the spatial sampling of the field. At any
time instant, the spatial covariance of the field can be viewed
as the autocorrelation function of the corresponding one-
dimensional function of space. The spatial covariance of the
field at time ¢ can thus be estimated for all distances, », given
in number of array elements as

N EN"pGnpli+nt)
N—n SVopGi)?

In autocorrelation measurements, it is often necessary
to perform some kind of averaging to reduce random errors.
This implies the estimation of the autocorrelation function
of the field for different realizations of the scattering medi-
um. However, it is simpler to perform averaging in the time
domain. The rational for time domain averaging is that the
pressure fields sensed at different time instants correspond
to different zones of the scattering medium. However, this
kind of averaging requires that the signals are ergodic and
that the spatial covariance is independent of depth. Unfortu-
nately, this is not true, mainly because the transmitted beam
varies with depth. However, since the beamwidth is almost
constant around the focal point, it is possible to specify a
time window for which the spatial covariance is expected not
to vary and to use it for averaging. In our experiments, we
used time windows of between 2.0 and 4.0 us. The spatial
covariance is therefore estimated according to:

(16)

T+ T/2

~ N E,’-V;l"_frf_ 2P p(i + n,t)dt

T,+T/2 -
Efvz 1 T;— T/zp(t,t)zdt

’

(17)
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where T is the transmit focus time and T the time window
duration. If we omit, in Eq. (17), the normalization denomi-
nator, this estimator can be viewed as an average of the cross-
correlation coefficient for all pairs of signals
{p(i,t),p(i + n,t)}. However, notice that the cross-correla-
tion coefficient we consider here does not involve the estima-
tion of the cross-correlation function between p(i,f) and
p(i + n,t) for all time lags. It is simply the value of the cross-
correlation function for zero lag.

Because of this estimation procedure, an important is-
sue in these measurements is the phase relationship between
the time-dependent signals. In the derivation of the van Cit-
tert—Zernike theorem, we assumed that the correlation is
estimated for points symmetrical with respect to the array
axis or that the field was sampled on a focusing surface. Here
we sample the field on a flat (nonfocusing) surface. The
effect of such a sampling can be approximated by a time shift
of the signals which relates to focusing delays in a sampled
aperture imager (and to the time of flight differences from
the focal point to the array elements). Therefore, we need to
shift the signals in order to compensate for these focusing
delays. In doing so, the signals are brought into phase. This is
illustrated in the following section.

B. One example: Needle target

In a first set of experiments, we did not use a random
scattering medium. Instead, we used a needle target located
at a known distance on the axis of the linear array. This
allows a proper understanding of the necessity to shift the
signals.

Since the needle tip is small with respect to the wave-
length, we expect a spherical wave to emanate from it. This
means that the field is uniform on the plane where it is sam-
pled and as a consequence all the array elements receive the
same signal except for a delay. (This delay can be viewed asa
focusing delay. ) For this reason, a flat correlation funetion is
expected.

This example can be used to demonstrate the impor-
tance of the phase in the van Cittert—Zernike theorem. Let us
consider the spatial covariance estimated with and without
correction for the aforementioned focusing delays. We see
from Fig. 4 that the expected flat correlation function is ob-
tained only if the signals are corrected for the delays. In
other words, the signals are to be in phase before the estima-
tion of the correlation function.

Further insight on the importance of the phase is gained
in the following experiment in which the same needle target
isilluminated through an aberrating layer. Since the target is
pointlike, the reflected wave front is spherical. Therefore, we
expect a flat spatial covariance. This is indeed obtained only
if the delays introduced by the aberrator are corrected in
addition to the focusing delays (Fig. 5).

These two results are also illustrated qualitatively in
Fig. 6 that uses a display format introduced by Flax and
O’Donnell.’ In this format, the rf signals are displayed as
they are received on the array elements. Each line represents
an array element, time is the horizontal axis of the figure and
the signal amplitude is represented by the gray level. Nega-
tive signal values are in black while positive signal values are
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(a) (b)

FIG. 4. Spatial covariance of the field reflected on a needle point. Estimated
(a) with and (b) without correction for the focusing delays. The schema
represents the experimental configuration.

in white. With this format, it is easy to understand the impor-
tance of the delay correction and to see that all the elements
receive approximately the same signal, indicating that a
spherical wave is reflected by the target.

C. Uniform scattering function

The analysis we developed earlier assumes a medium
with uniform scattering function. In order to simulate such a
medium, we used a Nuclear Associates tissue mimicking
phantom. Particular care was taken to choose a region of the
phantom free of resolution wires or contrast cysts.
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FIG. 5. Spatial covariance of the field reflected on a needle paint illuminat-
ed throught an aberrating layer. Estimated (a) with and (b) without cor-
rection for the aberrating delays. The schema represents the experimental
configuration.
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(b)

(c) (d)

FIG. 6. Representation of the rf signals used in the needle target experi-
ments. (a) Nonaberrating medium, (b) same as (a) after correction for the
focusing delays. (¢) Aberrating medium, (d) same as (b), after correction
for the aberrating delays.

A first difficulty in these experiments arises, as we have
already seen, from the curvature of the wave fronts emanat-
ing from the medium. These can easily be corrected by ap-
propriate focusing. Figure 7 shows the tf lines recorded at
the array elements using the Flax/O’Donnell format. From
this figure, it is clear that although the signals have been
delayed for focusing, they are in phase on a limited range.
From this observation, we anticipate a bias in the spatial
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FIG. 7. Representation of the rf signals used in the scattering medium ex-
periments. Note the curvature of the wave front at both ends of the record.
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correlation estimate. More precisely, the spatial correlation
is expected to be underestimated because the signals are out
of phase at both ends of the record.

In an attempt to minimize this problem, one would ar-
gue that tracking focusing should be performed over the re-
gion of interest. However, we should also keep in mind that
our theoretical derivation assumes that the depth of observa-
tion is fixed (and is the focal distance of the transmitter).
This has two effects. First, the spatial correlation of the scat-
tered field is a function of depth [Eq. (11)]. Second, the
incident field also depends on depth. Hence, so does the spa-
tial covariance. Outside of the focal zone the incident pres-
sure field is wider and gives rise to a scattered field with a
narrow spatial covariance.

This suggests that in order to estimate the spatial corre-
lation of the scattered pressure field, one has to be careful to
consider a slice of medium located around the focus and not
wider that the depth of focus.

1. Influence of focal depth

In afirst set of scattering medium experiments, we study
the influence of the focal length. We used a 48 elements
transmitting aperture and focused it at 60 and 90 mm corre-
sponding to F/ numbers of 1.7 and 2.5. In both cases, the
expected triangle function was obtained for the spatial co-
variance of the backscattered field (Fig. 8). This indicates
that the van Cittert—Zernike theorem correctly predicts the
spatial covariance of a field scattered by a random medium
and that this spatial covariance is indeed independent of fo-
cal length and of #/ number.

2. Influence of frequency

To study the influence of frequency, we excited the lin-
ear array with five-period-long pulse trains at frequencies of
2.5 and 3.5 MHz. The focal length was set at 90 mm and the
aperture size to 48 elements. Here also, good agreement was
obtained between experiments and theory (Fig. 9). That is
to say that the spatial covariance of the backscattered pres-
sure field is independent of frequency.

3. Influence of aperture size

Another interesting result is obtained when we change
the size of the transmitter. We have seen that the spatial

Rp (n)
Rp (n)

(@ (b)

FIG. 8. Spatial covariance of the field scattered by a random medium. Influ-
ence of focal length: (a) 60 mm and (b) 90 mm. The dashed line represents
the theoretical prediction.
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FIG. 9. Spatial covariance of the field scattered by a random medium. Influ-
ence of frequency: (a) 2.5 MHz and (b) 3.5 MHz. The dashed line repre-
sents the theoretical prediction.

covariance of the field is proportional to the autocorrelation
of the transmitting aperture. If we use the full available aper-
ture, we expect a triangle function that is twice as wide as the
transmitter. If we use a smaller transmitting aperture, we
still expect a triangle function, but with a narrower base.
This is indeed obtained experimentally as shown in Fig. 10
where the transmitting apertures used were 31 and 16 ele-
ments wide. This result is easily explained in the light of the
van Cittert-Zernike theorem: The smaller transmitter pro-
duces a wider beam which in turn produces a backscattered
field whose spatial covariance is narrower.

This observation is very interesting because it shows
how the field coherence can be varied with the choice of the
transmitting aperture and how the size of the transmitter can
influence the signal-to-noise ratio improvement in incoher-
ent processing of pulse echo signals. As always, higher SNR
improvement are expected at the cost of a loss of geometric
resolution.

D. Nonhomogenous medium

Similar effects can be observed when the explored medi-
um is not homogenous. More specifically, if the medium is
illuminated through an aberrating layer, the transmitted
beam is spread. The wider beam, in turn, produces a back-
scattered field whose spatial covariance is narrow. In this
experiment, we used a 31 elements aperture and placed a
rubber layer of nonuniform thickness in front of the array.
The delays introduced by the layer were corrected in receive
before the estimation of the spatial covariance (Fig. 11).

This result is of special importance in incoherent pro-
cessing of pulse echo signals because the same receiver can

Rp(m

FIG. 10. Spatial covariance of the field scattered by a random medium.
Influence of the transmitting aperture size: (a) 31 elements and (b) 16 ele-
ments. The dashed line represents the theoretical prediction.
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Rp(n)

FIG. 11. Spatial covariance of the field scattered by a random medium illu-
minated through an aberrating layer.
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FIG. 12. Equivalent incoherent source aperture function. The incident en-
ergy diagram (top) is modulated by the scattering function of the medium
(middle) to form the equivalent incoherent source aperture function (bot-
tom).
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FIG. 13. Spatial covariance of the field scattered by a nonuniform random
medium containing a small positive contrasted region.

sense more information grains. Also, the reduced coherence
of the field is a concern in some phase aberration correction
schemes where the time delay between rf signals are to be
estimated.” Indeed, the robustness of the time delay esti-
mates is a function of the correlation between the signals.

E. Nonuniform scattering function

Some interesting results can also be obtained in a medi-
um with a nonuniform scattering function. We have already
seen the case of the pointlike target. Let us consider now the
case of the positive contrasted region embedded in an uni-
form scattering medium (a region where the scattering func-
tion is higher than in the surrounding tissue). We have de-
fined earlier the equivalent incoherent source aperture
function as the energy diagram of the transmitter. Since the
medium is not uniform, the equivalent incoherent source
aperture function is no longer proportional to the incident
energy diagram. This is shown schematically in Fig. 12. The
energy diagram is modulated by the scattering function of
the medium to form the aperture function of the incoherent
source. In our example, the new source is smaller. Therefore,
the spatial covariance of the backscattered field is wider.
This increase of the field coherence is actually observed in an
experiment where the incident beam was produced with a 31
elements aperture (Fig. 13).
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1V. CONCLUSION

We have developed a theoretical formalism that allows
the prediction of the coherence of the field backscattered by
a random medium illuminated by a coherent pulsed ultra-
sound beam.

The coherence of the field is described by its spatial co-
variance. It only depends on the transmitted beam and on
the distance of the considered slice of medium. For a focused
illumination, the spatial covariance is the autocorrelation of
the transmitter aperture function. This is independent of fo-
cal length, F/ number and frequency. These results set the
limits of signal-to-noise ratio improvement in incoherent
processing of pulse echo signals to a rather low value and
explains some experimental results obtained in this domain.

The van Cittert-Zernike theorem is well supported by
the experimental results presented here. We have shown ex-
periments that demonstrate how the coherence of the back-
scattered field varies with the nature of the explored medium
and of the illumination beam.

The formalism developed here could be used in the stud-
ies involving focusing in aberrating scattering media. The
coherence of the backscattered field could be used to obtain
information on the illuminating beamwidth.
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